We study the quantum cosmology of an empty (4+1)-dimensional Kaluza-Klein cosmology with a negative cosmological constant and a RW type metric with two scale factors, one for 4-D universe and the other for one compact extra dimension. By assuming the noncommutativity in the corresponding mini-superspace and Wheeler-DeWitt equation we suggest a solution for the cosmological constant problem, in this model. It is interesting that if the noncommutativity parameter is to be of the squared electroweak length scale, then the effective cosmological constant is set to its observational bound. PACS: 98.80.Qc
Recently, the study of various physical theories from noncommutative point of view, such as string theory [1] , quantum field theory (see for instance [2] ), quantum mechanics [3] , and classical mechanics [4] , has been of particular interest. In particular, a new interest has been developed to study the noncommutative quantum cosmology [5] , [6] , [7] . In these studies, the influence of noncommutativity at early universe was explored by the formulation of a version of noncommutative quantum cosmology in which a deformation of mini-superspace is required instead of space-time deformation [5] .
We know that in the study of homogeneous universes, the metric depends only on the time parameter. Thus, one can find a model with a finite dimensional configuration space, the so-called mini-superspace, whose variables are the three-metric components. The quantization of these models can be performed by using of the rules of quantum mechanics. The minisuperspace construction is a procedure to define quantum cosmological models in the search for describing the quantum features of the early universe. The influence of noncommutativity on the mini-superspace has already been considered for the cosmological models with KantowskiSachs and RW metrics [5] , [6] . Here, we consider the effect of noncommutativity on the configuration space in the model which was previously studied by one of the authors [8] . This model shows an empty (4+1) dimensional Kaluza-Klein universe with a negative cosmological constant and a RW type metric having two scale factors. Following the idea in regarding the Wheeler-Dewitt equation more primitive than the classical Einstien equations 1 we study the noncommutativity in the quantum cosmology of this model and try to propose a solution for the cosmological constant problem, in the context of quantum cosmology.
The experimental upper bound on the value of cosmological constant is extremely small. On the other hand, it is usually assumed that an effective cosmological constant describes the energy density of the vacuum < ρ vac >. In fact, the vacuum energy density < ρ vac > is a quantum field theory contribution to the effective cosmological constant
where λ is a small bare cosmological constant. The calculations show that, these contributions affect enormously the value of effective cosmological constant as Λ ef f ∼ M 4 P , where M 4 P is the Planck mass. This is the well-known cosmological constant problem for which a lot of solutions have been proposed [10] . Recently, this problem has been studied in the context of noncommutativity in space-time [11] . Following this idea, we have been interested in noncommutativity in quantum cosmology and its possible role in the cosmological constant problem. In this paper, we look for a mechanism to reduce the huge value of Λ ef f and provide a small cosmological constant in agreement with observation.
We start with the metric considered in [8] in which the space-time is assumed to be of RW type which has a compact space, namely the circle S 1 . We adopt the chart {t, r i , ρ} with t, r i and ρ denoting the cosmic time, the space coordinates and the compact space coordinate, respectively. We therefore take
where k = 0, ±1 and R(t), a(t) are the scale factors of the universe and compact dimension, respectively. The curvature scalar corresponding to metric (1) is obtained as
where a dot represents differentiation with respect to t. Substituting this result into EinsteinHilbert action with a cosmological constant Λ
and integrating over spatial dimensions gives an effective Lagrangian L in the mini-superspace (R, a) as
By defining
and changing the variables as
L takes on the form
The assumption that the full (4+1) dimensional Einstein equations hold, implies that the Hamiltonian corresponding to L in (6) must vanish, that is
which describes an isotropic oscillator-ghost-oscillator system. The corresponding quantum cosmology is described by the Wheeler-DeWitt equation resulting from Hamiltonian (7) and can be written as
Now, we consider the effect of noncommutativity on the configuration space in the above model. The noncommutative quantum mechanics is defined by the following commutators [3] [
where we use the natural units (h = 1). The corresponding noncommutative Wheeler-DeWitt equation can be written by use of the star product as [3] , [5] H * Ψ = 0.
On the other hand, this equation can be written as a new commutative Wheeler-DeWitt equation by replacing the above algebra with the following one [3] [
where the transformations u → u − θp v and v → v + θp u have been used. Therefore, we have
Now, by using of the following redefinitions
we obtain
The above equation describes an isotropic oscillator-ghost-oscillator constraint which is influenced by an external magnetic type field A. It is interesting that using the first definition in (13), and considering
and ω
we have
This is a "redefinition of the effective cosmological constant", due to noncommutativity, which can reduce the large Λ ef f to the observed value, Λ ′ . To this end, we take a large Λ ef f ∼ M 4 P due to the quantum field theory contributions, and assume a small θ ∼ M −2 W , where M W is the electroweak mass scale. In this way, we have a small redefined cosmological constant as
in agreement with its observational bound. The price to be paid is the emergence of a magnetic type field A in the redefined Wheeler-DeWitt equation (14). Therefore, the emergence of A due to noncommutativity justifies the small value of the cosmological constant Λ ′ . This small value is set to the observational bound by the small noncommutativity parameter θ ∼ l 2 W , where l W is the length scale of the electroweak interaction.
In conclusion, the reason why the observed cosmological constant in this model is so smaller than its quantum field theoretical prediction is that the scale factors R and a do not commute, in principal. This noncommutativity is effectively equivalent to the appearance of a magnetic type field A in the redefined ( commutative ) Wheeler-DeWitt equation. This field is induced by the large vacuum energy density Λ ef f = − 3 2 ω 2 through Eq.(13). In other words, the large effective cosmological constant Λ ef f is absorbed into the A field and a redefined small cosmological constant Λ ′ is appeared effectively, in agreement with the observation. From this point of view, the solution of the cosmological constant problem in this model is that the scale factors R and a do not commute and the noncommutativity is set by the electroweak mass scale which is believed to be the most fundamental scale in the unified theories.
